The classical Liouville Theorem of analytic function theory can be stated in either of two equivalent forms: The Liouville Theorem states: If f(w) is analytic and bounded throughout the finite w-plane, then f(w) is constant. If z(x, y) is a real valued function of the real variables x and y which is a solution of z xx + z yy = 0 and is bounded either above or below throughout the finite plane, then z(x, y) is a constant. Here we are concerned with the question of whether or not the second formulation of the above theorem is valid for solutions of more general elliptic partial differential equations.
The classical Liouville Theorem of analytic function theory can be stated in either of two equivalent forms:
The Liouville Theorem [I, p. 981. If f(w) is analytic and bounded throughout the finite w-plane, then f(w) is constant.
If Z(X, y) is a real valued function of the real variables x and y which is a solution of z,,+z,, = 0 and is bounded either above or below throughout the finite plane, then z(x, y) is a constant.
Here we are concerned with the question of whether or not the second formulation of the above theorem is valid for solutions of more general elliptic partial differential equations. In what follows the usual notation will be adopted : p =z,, q = z,, r =z,,, s =z,, and t = z,,.
The equation is said to be quasi-linear. I t is said t o be elliptic with respect to a given solution z(x, y) in a domain D of the xy-plane in case A>O and B2-AC<O for all (x, y ) € D when z, p, q are replaced in A, B, and C by z(x, y) and its respective first partial derivatives.
Bernstein [2] showed that if z(x, y) is a bounded solution of (1) throughout the plane and if (1) is elliptic with respect to z(x, y) throughout the plane, then z(x, y) must be constant. This is not quite the Liouville Theorem since the solution is assumed to be bounded, however, it is the best that can be obtained without stronger assumptions being placed on A , B, and C .This is illustrated by the elliptic equation (2+4y2)r+4ys+t=0 which has ex-y\s an entire solution which is bounded below but which is not constant.
The equation (1) is said to be uniformly elliptic in a region D of the xyplane in case there is a constant X > O such that for all (4,r ) ,all (x, y ) E D , and all (z, p , q). Serrin T H F LIOUVILLE THEORELI uniformly elliptic, its solutions satisfy a Harnack inequality. He used this result to establish the Liouville Theorem for (1) in the case of uniform ellipticity. Bers and Nirenberg [4] proved in a different way that, if equation (2) below is uniformly elliptic and FEO, its solutions satisfy a Harnack inequality.
Consider now the equation concerning which the following assumptions are made:
(i) A, B, and C are continuous and have continuous first partial derivatives with respect to p and q for all (x, y, p, q).
(ii) A >0 and B2 -AC<O for all (x, y, 9, q). There are continuous functionsa(p, q) and c(p, q) andaconstantd>O such that AC-B2>d, A(x, y, p, q) g a ( p , q) and C(x, y, p, q) I c ( p , q) for all (x, y) and all (p, q) with p 2 + q 2 S 1.
(iii) F(x, y, z, p, q) is continuous and has continuous first partial derivatives with respect to z, p, and q with F,IO for all (x, y, z, p, q ) . Given any N >0 there exists an H x >0 such that for Izj S N , p 2 S q 2 S 1 , and all (x, y).
THEOREM, If equation (2) satisfies conditions (i) , (ii) and (iii) , then a function z(x, y) which is of class C'" and a solz~tion of (2) throughout the finite $lane and which is bounded on one side must be a constant.
Proof. The proof employs a modification of the methods used by Serrin [3] and is based on the following principle:
Maximum principle [ s ] . Let D be any plane domain and consider the function F(x, y, z, 9, q, r , s, t) with the following assumptions:
(i) F is continuous in all 8 variables in the region T defined by T E ( (x , y , z , P , q , r , s , t ) : ( x , y ) E D a n d -m < z , p , q , r , s , t <~) I t suffices to consider the case in which z(x, y) is a solution of (2) which is bounded below in the finite plane since the bounded above case can be reduced to this one by replacing z(x, y) by -z(x, y).
Assume that there is a nonconstant solution z(x, y) of (2) which is bounded below in the finite plane and let zo=glb z(x, y). Then w(x, y) r z ( x , y) -20 is a solution of throughout the finite plane and glb w(x, y) =O. Furthermore, it is clear that equation (3) also satisfies conditions (i) , (ii),and (iii) placed on equation (2). I t follows from the third condition that F(x, y, z, 0, 0) = 0 so that constants are solutions of (2). Since z(x, y) is assumed to be nonconstant we can apply the Maximum Principle to conclude that z(x, y) >zo or w(x, y) >0 throughout the finite plane.
Let K be the closed circular disk in the plane with center a t (0, 0) and radius 21. Let where T = 213 -e.
We conclude that there is a fixed P1,O <PI <1,independent of R such that on the disk with center a t (0, 0) and radius (114-3e/4)R. Since R can be taken as large as we please, we conclude that everywhere. However, this contradicts the fact that glb w(x, y) = O and we conclude that a solution of (2) which is bounded above or below must be a constant.
